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PLI : The group
of all orientation preserving

homeomorphisms of 20,13 which are piecewise
linear

.

"

subgroups of PLOI . . .
have been a source of

groups with interesting properties
in which

calculations are practical .
"
- Matt Brin

thompson's't : All f-EPL .I which have

breakpoints at dyadic rationals and whose

slopes are powers of 2 a



How to think about F:

Brin's Ubiquity Theorem If
G EPhoI , J

is an orbital of J and
some element of

G reaches one end of J
but not the

other
,
then F ↳ G

.

Example Suppose that f, g
C- HomeoI

Supt
= (a ,

b) Supt⑨ = (
c
, d)

a - c
abed and

f④Zg④ .
Then sfg> f .



↳Pegramunderstand the quasi order of

finitely generated subgroups of Pho I ordered

by eenbeddahility (homeomorphic) . wdlquasiadek
←

thesis This order should be highly Structured
(but complex !) below Thompson 's group Fj structure
should completely break down above F.

Conjecture) Any finitely generated subgroup
of PloI either is embeddable into F or

else contains F.
Conjecture(Brin ,Sapir)

If GEPLOI does not contain
-

F, G
B an elementary (amenable)group



theorem (Bleak,Brin ,M .) There are detneugtgasyauefg .

groups Gz ( 3 - Eo ) such that : snbgroglfsf
H Go is the trivial group

and Gq,EG,-122

⑥ For all 3 , y
- Eo
, Gg ↳ Gy

iff

} EU.

③ Eaa Gg is elementary with
class

dig
a Eo where 351g Lg

= Eo .



Tristan Establish a criteria for when a subgroup
of PL

.
I does not embed into F

.

theorem (Lodha) The Steingut Fp,
do not

embed into F if pig am relatively prime .
Reason: Thewkshave rank- l

and His B net possible in F.

Theorem(Hyde,M .) If f,g C-
Plot are

an
F-obstruction and y : Cfg> Plot

is a mono morphism ,then (yd ) , yep) is
an F - obstruction .



Props If f.get EPLOI , then Fg is net

an F-obstruction .
-

Reiner: Fp,q
contains an F-obstruction

for each p ,q
>
'
with gcdcp, g)=L .

Cleary 's
" Golden ratio F

" contains an

F - obstruction .



%ucuni5RotatianNumb Suppose that ✓
B a homeomorphism of RIZ and J is a

lift . The rotation A- of V is the limit

⑦ slim 84M¥ modulo 1 . Does not
not depend on X or 8

.

Theorem(Poincare) The rotation A- being
irrational

impi3 topologically Saniconjugate to

a rotation by O -

Theorem(Herman )
If 8 B RL, e.g . Then

Fiat topologically conjugate to
a rotation by its rotation A- .



what is an F- obstructruction ?
-

Suppose Age Plot and

set and S - ASI Eg
a )

Debian 8 : ⑤ g
→ Cs
, g )

CAD

by 8 =gm&H) where m is unique

such that gmlf C- C%g⑤) .

( mis unique and
either o or -D .

This 8
"

- is
"
a homeomorphism of the circle .



The rotation of 8 is Therotatran

off¥s .

fig is an F-obstruction if for

some S,
The rotation

number of

f modulo guts
is irrational .

(A)so symmetric tis
so that if

f
,g

B an F-obstruction,
so

'

B

ft ' , g , f , g
't '
,
etc .)



FE PhoI doesn't contain F-obstructions
-

theorem (Ghys
- Sergiescu) Thompson

's group T

does not contain
elements with irrational

rotation #o



Analysisofl-orbita.lt#trahons
The first step is to Show teat if fig
B an

F- obstruction and I B

The orbital of Cfg> witnessing this,
then

there is an tense AIB EJ such that

if a - b aEA
,
be B
,
then 7h C-Cfb

Sf . Supt ch) n J
- laid .



A dichotomy theorem for subgroups of PhoI-
Suppose that G

E Plot and J
,
Ko
,
-n

,kn

ane orbitals of G and G is irresolvable
on 3. Then either

:

⑦ there is some g EG
SL Supt cops# of

and yet Supt is disjoint from Ki 's .

there is a G - equivariant monotone

Y : ki
→J fer some i

-G- su .

My ex))
=getxD



Open Problems-
① If G EPLoI does not

contain an F- obstruction

and B finitely generated , must Get ?

② Suppose G EPL .I
is finitely generated

and

does not eeubedd into F. Must G have an

orbit which is somewhere dense .

③ Does F
+ ④

: = {ft
""9

: g t ⑦ 3 s Homero IR

fail to embed into F?


