TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE

GIANLUCA PAOLINI AND SAHARON SHELAH

ABSTRACT. We prove that the Borel space of torsion-free Abelian groups with
domain w is Borel complete, i.e., the isomorphism relation on this Borel space
is as complicated as possible, as an isomorphism relation. This solves a long-
standing open problem in descriptive set theory, which dates back to the sem-
inal paper on Borel reducibility of Friedman and Stanley from 1989.
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3] H Fr1edman and L Stanley. A Borel reduczbzlzty theory for classes of countable structures.
J. Symb. Log. 54 (1989), no. 03, 894-914.

possible—as—an—isomerphism—relation. The Borel completeness of countable abelian

group theory is particularly interesting from the perspective of model theory, as this
class is model theoretically “low”, i.e stable (in the terminology of [10]). In fact, as
already observed in [3], Borel reducibility can be thought of as a weak version of
£, w-interpretability, and for other classes of countable structures such as groups
or fields much stronger results than Borel completeness exist, as in such cases we can
first-order interpret graph theory, but such classes are unstable while abehan group
theory is stable. Retererce ' st—the—relations—etwee




Fact 1.1. The set KL of structures with domain w in a given countable language
L is endowed with a standard Borel space structure (KL, B). Every Borel subset of
this space (KL, B) is naturally endowed with the Borel structure induced by (KL, B).

For example, if take L = {e,-, ()"}, and we let K’ to be one of the following:

(a) the set of elements of KX which are groups;

(b) the set of elements of KL which are abelian groups;

(c) the set of elements of K which are torsion-free abelian groups;

(d) the set of elements of KX which are n-nilpotent groups, for some n < w;

then we have that K’ is a Borel subset of (KL, B), and so Fact E applies.

Notation 1.6. (1) We denote by Graph the class of graphs.

(2) We denote by Gp the class of groups.

(8) We denote by AB the class of abelian groups.

(4) We denote by TFAB the class of torsion-free abelian groups.

(5) Given a class K we denote by K,\ the set of structures in K with domain A.
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Definition 1.2. Let X1 and X5 be two standard Borel spaces, and let also Y1 C X4
and Yo C Xo. We say that Y7 1s Borel reducible to Ys, denoted as Y1 <gr Ys, when
there is a Borel map B : X1 — X9 such that for every x € X7 we have:

reY, < B(z) €Y.

Notice that Definition 1.2 covers in particular the case X1 = K’ x K’ for K’ as
in Fact \1.1L and so for example Y7 could be the isomorphism relation on K’. Also,

Definition 1.3. Let X; be a Borel space and Y1 C X1. We say that Y7 is complete

analytic (resp. complete co-analytic) if for every Borel space Xo and analytic subset
(resp. co-analytic subset) Yo of Xo we have that Yo <g Yi.
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Definition 1.4. Let X; and X5 be two standard Borel spaces, and let also Eq be
an equivalence relation defined on X1 and Es be an equivalence relation defined on
Xo. We say that Eq 1s Borel reducible to E5, denoted as 1 <p Es, when there is
a Borel map B : X1 — X5 such that for every x,y € X1 we have:

rE1y < B(z)E2B(y).

Remark 1.5. Notice that in the context of Definitions 1.2 and 1.4, E1 <gr Es
and FE1 <p Esy have two different meaning, as in the first case the witnessing Borel
function has domain X X X, while in the second case it has domain X . Furthermore,

notice that Fh <p FEo implies F1 <g FEo (but the converse need not hold, see 1.7).
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Definition 1.6. Let K; be a Borel class of structures with domain w and let =1 be
the isomorphism relation on Ki. We say that Ky is Borel complete (or, in more

modern terminology, =21 is Soo-complete) if for every Borel class Ko of structures
with domain w there is a Borel map B : Ko — Ky such that for every A, B € Ky:

A=,B & B(A) =B(B),

that is, the isomorphism relation on the space Ko is Borel reducible (in the sense
of Definition 1.4) to the the isomorphism relation on the space Kj.
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Fact 1.7 ([3]). Let K be a Borel class of structures with domain w. If K is Borel
complete, then its isomorphism relation is a complete analytic subset of K x K, but
the converse need not hold, as for example abelian p-groups with domain w have
complete analytic isomorphism relation but they are not a Borel complete space.
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(i) countable graphs, linear orders and trees are Borel complete;

(ii) torsion abelian groups have complete analytic = but are not Borel complete;
(iii) nilpotent groups of class 2 and exponent p (p a prime) are Borel complete’;
(iv) the isomorphism relation on finite rank torsion-free abelian groups is Borel.

’ 8 1 7’\0 7/\11/\
In [3] Friedman and Stanley state explicitly: \V
There is, alas, a missing piece to the puzzle, namely our conjecture
that torsion-free abelian groups are complete. [...] We have not

even been able to show that the isomorphism relation on torsion-
free abelian groups is complete analytic, nor, in another direction,
that the class of all abelian groups is Borel complete. We consider
these problems to be among the most important in the subject.
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5. REMARKS. Every torsion free divisible group D of rank « is a
direct sum of « copies of the additive group of rational numbers, and
D contains an isomorphic copy of every torsion free Abelian group of
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The challenge was taken by several mathematicians. The first to work on this
problem was Hjorth, which in [6] proved that any Borel isomorphism relation
is Borel Teflucible to the isomorphism relation on countable torsion-free abelian
groups, and that in particular the isomorphism relation on TFAB,, is not Borel,
leaving though open the question whether TFAB,, is a Borel complete class, or even
whether the isomorphism relation on TFAB,, is Complet(g *ahalytic (cf. Fact 1.5).
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The problem resisted further attempts of the time and the interest moved to
another very interesting problem on torsion-free abelian groups: for1 < n < m < w,
is the isomorphism relation on torsion-free abelian groups of rank n strictly less
complex than the isomorphism relation on torsion-free abelian groups of rank m?
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Whereas there are fairly large classes of torsion groups whose structures can be described
in terms of satisfactory invariants, there are only a very few and rather restricted classes of
torsion-free groups for which satisfactory structure theory is known. These include the
torsion-free groups of rank 1 and their direct sums, but no other major classes; even for
groups of finite rank no useful complete systems of invariants are known. Naturally, one
can establish certain schemes for constructing torsion-free groups, which provide a certain
amount of information about their structures, but the schemes so far known fail to give an
acceptable solution to the basic problem of deciding when two groups given by different
schemes are isomorphic. A

[6] Laszlo Fuchs. Infinite abelian groups. Vol. II. Pure and Applied Mathematics, Vol. 36-I1
Academic Press, New York-London 1973.
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[11] S. Thomas. On the complexity of the classification problem for torsion-free abelian groups of

rank two. Acta Math. 189 (2002), no. 02, 287-305.
[12] S. Thomas. The classification problem for torsion-free abelian groups of finite rank. J. Amer.

Math. Soc. 16 (2003), no. 01, 233-258.
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most—mportantinthe subject” in [3]. The problem remained dormant for various

years (at the best of our knowledge), until Downey and Montalban [2] made some
important progress showing that the isomorphism relation on countable torsion-
free abelian groups is complete analytic, a necessary but not sufficient condition for
Borel completeness, as recalled in Fact 1.5, This was of course possible evidence
that the isomorphism relation was indeed Borel complete, as conjectured in [3].
Despite this advancement, the problem of Borel completeness of countable torsion-
free abelian groups resisted for other 12 years, until this day, when we prove:

Main Theorem. The space TFAB,, s Borel complete, in fact there exists a con-
tinous map B : Graph,, — TFAB,, such that for every Hy, Hy, € Graph,:

Hi = Hy if and only if B(H1) = B(H>).
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(6) For f; € f (cf. Definition 33“/}, let fg2 be the unique partial automorphism
of G2 which is induced by fg, explicitly: if k < w and for every { < k we have

that y; € dom(f3), yi = f3(y;), aw € Q and a =3",_, qey; € Go, then:

=) qui.

<k
Notice that if > ,_, qey; € G1, then also zkk qy; € G1, by Definition 3. (3)

recalling Definition @) and ( 12a), this is relevant for Lemma
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[2] R A. Beaumont and R. S. Pierce. Partly transitive modules and modules with proper iso-
morphic submodules. Trans. Amer. Math. Soc. 91 (1959), 209-219.
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on a specific notion of “effectiveness” Whil}f was suggested for abelian groups by
Nadel in [16], i.e., the preservation under any forcing extension of the universe V.
We refer to this as the problem of absolute existence (of a group satisfying a certain
property). These kind of problems were considered by Fuchs, Gobel, Shelah and
others (see e.g. |7, 10, 11]), probably the most important problem in this area is
the problem of existence of absolutely indecomposable groups in every cardinality
which remains open to this day (despite several partial answers are known).



Problem. (1) Despite the known necessary restrictions, can we improve (in ZFC!)
the result from [2] that there are no co-Hopfian p-groups of size Ry or > 280 2

(2) Are there co-Hopfian groups in every (resp. arbitrarily large) cardinality?

(3) Are there absolutely Hopfian groups in every cardinality?

Theorem 1.1. Suppose that G € AB is reduced and ¥y < |G| < 2%, Ifp > |G|
and there is a prime p such that Tor,(G) is infinite, then G is not co-Hopfian. In
particular there are no infinite reduced p-groups G of size Rg < |G| < p.

Theorem 1.2. If 2% < X\ < \¥ and G € AB,, then G is not co-Hopfian.

Theorem 1.3. For all A € Card there 1s G € TFABy) which is absolutely Hopfian.
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Theorem 1.4. In NipGp(2),, the set of co-Hopfian groups is complete co-analytic.



Question 1.6. Are the co-Hopfian groups complete co-analytic in AB,, ¢
/|\
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Theorem 1.5. If G € AB,, is co-Hopfian and reduced, then for every prime p we

have that Tory(G) is finite and G embeds in the profinite group | ] cp Tory(G).
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Theorem 1.3. The rigid G € TFAB,, are complete co-analytic in TFAB,,. In fact,
there exists a Borel map B from Tr,, to TFAB, s.t. for T € Tr,, we have:

(1) B(T) is Hopfian;

(2) if T is well-founded, then B(T) has only trivial onto endomorphisms;

(3) if T is not well-founded, then B(T) has a non-trivz’al&”ree) automorphism.
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Corollary 1.8. If 2% < ), then there is a co-Hopfian G € AB iff A = \No,
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