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Background on group valued
cocycles



The setting for our results is Polish group actions
G X

that is, continuous actions by a Polish group G on a Polish space
X, i.e., such that the action map G x X — X is jointly continuous.

A group valued cocycle is a map
¥
GxX—H

with values in another Polish group H such that the cocycle
equation

l/J(gf,X) = ¢(g7 fX) ’ w(f7x)
holds for all g, f € G and x € X.



For example, if X 2 His any function into a Polish group, then
the differential

do(g, x) = d(gx)"'b(x)
defines a so called trivial cocycle.

Indeed,

do(gf, x) = (gh) ' ¢(x)
= p(gh) " B(fx) - () p(x)
= do(g, fx) - do(f, x).

But general cocycles need not be trivial.



The principal example of a nontrivial cocycle comes from calculus.

Namely, if we let Diff!(R) denote the group of C!-diffeomorphisms
of R, then the chain rule

(gof)(x)=g'(f(x)) - f'(x)
simply expresses that the map
(g,x) € DIfff(R) x R — g'(x) € R*

is a cocycle for the tautological action of Diff!(R) on R.



Separate and joint continuity of
cocycles



There are several results in the literature regarding the continuity
of homomorphisms and cocycles under various notions of
measurability.

For example, a long line of results due to Fréchet, Banach,
Sierpinski, Steinhaus and Weil state that every Haar measurable
homomorphism

G- H
between Polish groups is continuous.

The same statement for Baire category is due to Pettis.

Our main result, however, is most closely related to a recent result
by T. Meyerovitch and O. N. Solan (2024).



To state this precisely, suppose G x X L H is a cocycle for a
Polish group action G ~ X with values in a Polish group H.

Then, for fixed g € G and x € X, we may define the maps

X% H  and GYH

Ve(z) =¢(g,2)  and  ¢X(F) = ¢(f, x).

We say that v is continuous in the second variable if the maps

X ﬂ H are continuous for all g € G.

Similarly for the other variable or for notions of measurability.



Theorem (Meyerovitch & Solan)

Suppose G and H are locally compact Polish groups and G ~ X is
a continuous action on a locally compact Polish space X. Assume
also that G x X Y5 H is a cocycle with values in a Polish group
H, which is continuous in the second variable. If, furthermore,

e )" is Haar measurable for every x € X

then ) is continuous.

Some issues raised by this result:

e Whereas local compactness of G is necessary for the
formulation of the result, this is not so for local compactness
of neither H nor X. So is this needed? The proof certainly
relies on it in an essential way.



e How is the assumption of ¢* being Haar measurable for every
x € X ensured? One would like to replace this by some type
of joint measurability of the map .

Let us remark that the relationship between joint and separate
measurability is in general more subtle than that of continuity.
Indeed, if a general map

Gx XL H

is continuous, then it is automatically continuous in each variable.

However, if G x X i> H is only assumed to be ... measurable,
then it need not be ... measurable in the first variable.

e Finally, is there a category version of this result?



We extend the Meyerovitch—Solan result in multiple directions.

Theorem

Let G ~ X be a Polish group action and suppose that
GxX-Y5Hisa cocycle with values in a Polish group H. Assume
also that 1) is continuous in the second variable. Then 1) is
continuous in each of the following cases.

1. v is Baire measurable,
2. Y™ is Baire measurable for a dense set of x € X,

3. G is locally compact and 1 is Haar measurable for a dense
set of x € X,

4. G is locally compact with Haar measure A and there is a fully
supported o-finite Borel measure 11 on X such that v is
A X p-measurable.



Observe, in particular, that case (3),

(3) G is locally compact and ¢* is Haar measurable for a dense
set of x € X,

is a direct extension of Meyerovitch and Solan's theorem discarding
the hypothesis of local compactness of H and X and weakening

the measurability assumption.

Note also that the measure p in (4),

(4) G is locally compact with Haar measure A and there is a fully
supported o-finite Borel measure ¢ on X such that v is
A X p-measurable,

is not assumed to be invariant or even quasi-invariant under the

G-action.
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The standing assumption of continuity in the second variable can

be slightly weakened.

Indeed, it is enough to assume that

e 1) is continuous for all g belonging to a generating set
Y CG.

For, if 1¢ and )¢ are continuous, then so are

Vgr = Vg (f - )vr (")

and

Pg-1 = (#’g(gfl'))_l-
For example, it is enough to assume that ¢4 is continuous for a
comeagre set of g € G or, in the case of locally compact groups, a
conull set of g € G.
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Differentials and polynomials




Fix a Polish group action G ~ X and a function X2 H.

Recall that the differential cocycle G x X ﬂ H is given by

dé(g,x) = ¢(gx) ().

Thus, for g € G fixed, the directional differential X ﬂ H is given

as

dgd(x) = (d§)g(x) = d(gx) " o(x).

And similarly, iterated directional differentials can be computed,
dgdrd(x) = drd(gx) " drd(x)
= d(gx) " o (fex)d(fx) " p(x).

Thus, as in calculus, we see that the specific dependence on x
tends to decrease with the number of differentials taken.
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Corollary

Suppose G ~ X is a transitive Polish group action and
X2 H

is a Baire measurable map into a Polish group H. Then the

following conditions are equivalent.

1. ¢ is continuous,

2. d¢ is continuous,

3. dg¢ is continuous for all g in a generating set > C G,
4

. for every sequence g1, g, ... € G, there is a k > 0 such that
the iterated differential

dgk e dg1¢
is continuous.
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Ideas of the proof.
One first show that the differential d¢ is Baire measurable and
hence, by our theorem,

d¢ is continuous

& dg¢ is continuous for all g in a generating set > C G.

On the other hand, suppose d¢ is continuous with the aim of
showing that also ¢ is continuous.

If x, — x, then, by Effros’ theorem, we can find g, € G such that

gn—1 and Xn = gnX.

By the continuity of d¢, it follows that

lim ¢(xa) " é(x) = lim ¢(gnx) " ¢(x)
— Ii,r1n do(gn, x) = do(1,x) = 1.

So lim, ¢(xn) = ¢(x) and ¢ is continuous at x. O
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Suppose X -5 H is a fixed Baire measurable map.

We observe that there is some flexibility in the equivalence

1. ¢ is continuous,
3. dg¢ is continuous for all g in a generating set > C G,
Indeed, all that is assumed is that G ~ X is a transitive Polish

group action. So one may choose an appropriate group for the
purpose.

ii5)



A specific application of this corollary is to so called polynomial
maps as defined by A. Leibman.

For k>0, amap G i> H between two groups is said to be a
polynomial of degree < k in case

dg, - dgd = 1y

for all go, ..., gk € G. Here the action G ~ G is left-multiplication.

More generally, we may define G s Hto be a polynomial of
potentially transfinite degree provided that, for all
g0,81,82,--- € G, there is a k such that

g, -+ dgyd = 1p.

e ¢ has degree < 0 if and only if ¢ is a constant map,
e ¢ has degree < 1 if and only if ¢(1)¢(-)~! is a group
homomorphism.
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Meyerovitch and Solan showed that Haar measurable polynomial
maps G — H of finite degree between locally compact Polish
groups are continuous.

We have the same result for category and can also discard local
compactness assumption on H in their result.

Corollary
Every Baire measurable polynomial map between Polish groups is
continuous.
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