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Motivation

The goal of classical spectral graph theory:

Use linear algebra
to extract combinatorial information about finite graphs.

Our goal: Use operator theory to extract descriptive
combinatorial information about infinite (bounded-degree
Borel pmp) graphs.
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The Basics

Graph: A pair G = (X ,E ), where X is a set and E is a
symmetric, irreflexive relation on X .

Degree: The number of neighbors of a vertex.

Maximum degree, ∆(G): The maximum (if it exists) of the
vertex degrees.

Coloring: A function c : X → {colors} such that (x , y) ∈ E
implies c(x) ̸= c(y).

Chromatic number, χ(G): The least number of colors
needed for a coloring.
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Brooks’s Theorem

These obstructions are the only ones:

Theorem [Brooks]

1 If ∆(G) = 2, then unless G contains odd cycles, χ(G) ≤ 2.

2 If ∆(G) = d , d ≥ 3, then unless G contains the complete
graph on d + 1 vertices, χ(G) ≤ d .
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Here χ(G) = 3, but Brooks’s theorem gives χ(G) ≤ 5.
The one high-degree vertex strongly influences the Brooks bound.
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Classical Spectral Graph Theory

Let |X | = n.

Adjacency matrix: The n × n matrix A(G) such that
A(G)ij = 1 if vertices i and j are G-adjacent, 0 otherwise.

Spectrum: The set of eigenvalues.

By the spectral theorem, all eigenvalues of the adjacency
matrix are real.
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We write σ(G) = {µ1 ≥ µ2 ≥ · · · ≥ µn}.

Proposition

µ1 ≤ ∆(G). If G is connected, then equality holds if and only
if G is regular.

degav (G) = 1
n

∑
x∈X degG(x) ≤ µ1.

If E (G) ̸= ∅, then µ1 > 0 and µn < 0.

(Perron–Frobenius) µ1 ≥ |µi | for all i ≤ n.
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It is possible to give a spectral upper bound on the chromatic
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Theorem [Wilf]

χ(G) ≤ ⌊µ1⌋+ 1.

When G is regular: We recover the greedy bound.
When G is non-regular: We can improve on the Brooks bound.
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Analogously, there are spectral lower bounds on the chromatic
number.

Theorem [Hoffman]

χ(G) ≥ ⌈1− µ1
µn
⌉.

Combining Wilf’s theorem and Hoffman’s theorem, we can in some
cases exactly compute the chromatic number.
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Spectral Graph Theory and Descriptive Combinatorics

Borel graph: A graph G = (X ,E ) such that X is a standard
Borel space and E is a Borel relation.

Borel pmp graph: A Borel graph G = (X ,E ) such that X
has a Borel probability measure µ and EG is µ-pmp.

Example: Let Γ be a countable discrete group with finite
generating set S , and let · : Γ× X → X be a Borel
measure-preserving group action, i.e.:

∀γ ∈ Γ, ∀A ⊂ X measurable, µ(γ · A) = µ(A).

Then the Schreier graph G(Γ,X ,S) is a Borel pmp graph.
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Spectral Graph Theory and Descriptive Combinatorics

We work in the setting of bounded-degree Borel pmp graphs.

Why? So we can use the theory of bounded self-adjoint operators!

Definition

The adjacency operator TG : L2(X , µ) → L2(X , µ) of G is given by

(TGf )(x) =
∑
yEx

f (y).

Proposition

1 TG is self-adjoint, and if G has bounded degree, then TG is
bounded.

2 σ(G) = {λ ∈ C : TG − λI is not invertible} is a compact set
of real numbers.

Write M(TG) = max(σ(G)) and m(TG) = min(σ(G)).
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Spectral Graph Theory and Descriptive Combinatorics

Measurable chromatic number: The least number of colors
needed for a µ-measurable coloring.

Approximate measurable chromatic number: The least
number k such that, for each ε > 0, there is a Borel set A with
µ(A) > 1− ε such that G[A] has a µ-measurable k-coloring.

Theorem [Conley–Kechris]

Let Fn be the free group on n generators, and let Gn be the
Schreier graph of the shift action Fn × 2Fn → 2Fn . Then

n +
√
2n − 1√

2n − 1
≤ χap

µ (Gn) ≤ 2n.

For n = 2: 3 ≤ χap
µ (G2) ≤ 4. Thornton later showed χap

µ (G2) = 3.
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Approximate Measurable Wilf’s Theorem

We obtain an approximate measurable version of Wilf’s theorem:

Theorem [H.–Spaas–Tenenbaum]

χap
µ (G) ≤ ⌊M(TG)⌋+ 1.

Proof sketch.

1 Show that degav (G) ≤ ⌊M(TG)⌋.
2 Show that A0 = {x ∈ X : degG(x) ≤ ⌊M(TG)⌋} has “large”

measure. Then remove A0.

3 Repeat (2) until µ(A0 ∪ · · · ∪ Ak) > 1− ε.

4 List color Ak , then Ak−1, then Ak−2, . . .
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Approximate Measurable Colorings of Directed Graphs

Borel directed graph: A directed graph D = (X ,
−→
E ) such

that X is a standard Borel space and
−→
E is a Borel (not

necessarily symmetric) relation.

Underlying graph: The graph D̃ = (X ,E ) where E is the

symmetrization of
−→
E .

Proposition

Suppose deg+(x) ≤ n for all x ∈ X . Then

χ(D̃) ≤ 2n + 1.

If D̃ is bounded-degree and pmp, then we obtain the following:

Theorem [H.–Spaas–Tenenbaum]

Suppose deg+(x) ≤ n for all x ∈ X . Then

χap
µ (D̃) ≤ 2n + 1.
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Approximate Measurable Hoffman’s Theorem

We obtain an approximate measurable version of Hoffman’s
theorem, which improves on earlier theorems of Conley–Kechris
and Lyons–Nazarov:

Theorem [H.–Spaas–Tenenbaum]

χap
µ (G) ≥ ⌈1− M(TG)

m(TG)
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∑

1≤i≤n

M(Tii ) = 0.
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(k − 1)m(TG) +M(TG) ≤ 0.



Approximate Measurable Hoffman’s Theorem

Proof sketch. Second, to get k = χap
µ (G) ≥ ⌈1− M(TG)

m(TG)
⌉:

1 For each ε > 0, partition G into measurable independent sets
Aε
1, . . . ,A

ε
k , together with a “bad set” Bε of measure < ε,

and
block-decompose TG over this partition:

TG =

[
Sε Rε

12

Rε
21 T ε

B

]
,with Sε =


0 T ε

12 · · · T ε
1k

T ε
21 0 · · · T ε

2k
...

...
. . .

...
T ε
k1 T ε

k2 · · · 0

 .

2 Show that, as ε → 0, we have M(Sε) → M(TG) and that
(k − 1)m(Sε) +M(Sε) ≤ 0, so that also
(k − 1)m(TG) +M(TG) ≤ 0.



Approximate Measurable Hoffman’s Theorem

Proof sketch. Second, to get k = χap
µ (G) ≥ ⌈1− M(TG)

m(TG)
⌉:

1 For each ε > 0, partition G into measurable independent sets
Aε
1, . . . ,A

ε
k , together with a “bad set” Bε of measure < ε, and

block-decompose TG over this partition:

TG =

[
Sε Rε

12

Rε
21 T ε

B

]
,with Sε =


0 T ε

12 · · · T ε
1k

T ε
21 0 · · · T ε

2k
...

...
. . .

...
T ε
k1 T ε

k2 · · · 0

 .

2 Show that, as ε → 0, we have M(Sε) → M(TG) and that
(k − 1)m(Sε) +M(Sε) ≤ 0, so that also
(k − 1)m(TG) +M(TG) ≤ 0.



Approximate Measurable Hoffman’s Theorem

Proof sketch. Second, to get k = χap
µ (G) ≥ ⌈1− M(TG)

m(TG)
⌉:

1 For each ε > 0, partition G into measurable independent sets
Aε
1, . . . ,A

ε
k , together with a “bad set” Bε of measure < ε, and

block-decompose TG over this partition:

TG =

[
Sε Rε

12

Rε
21 T ε

B

]
,with Sε =


0 T ε

12 · · · T ε
1k

T ε
21 0 · · · T ε

2k
...

...
. . .

...
T ε
k1 T ε

k2 · · · 0

 .

2 Show that, as ε → 0, we have M(Sε) → M(TG) and that
(k − 1)m(Sε) +M(Sε) ≤ 0, so that also
(k − 1)m(TG) +M(TG) ≤ 0.



Approximate Measurable Hoffman’s Theorem

Proof sketch. Second, to get k = χap
µ (G) ≥ ⌈1− M(TG)

m(TG)
⌉:

1 For each ε > 0, partition G into measurable independent sets
Aε
1, . . . ,A

ε
k , together with a “bad set” Bε of measure < ε, and

block-decompose TG over this partition:

TG =

[
Sε Rε

12

Rε
21 T ε

B

]
,with Sε =


0 T ε

12 · · · T ε
1k

T ε
21 0 · · · T ε

2k
...

...
. . .

...
T ε
k1 T ε

k2 · · · 0

 .

2 Show that, as ε → 0, we have M(Sε) → M(TG)

and that
(k − 1)m(Sε) +M(Sε) ≤ 0, so that also
(k − 1)m(TG) +M(TG) ≤ 0.



Approximate Measurable Hoffman’s Theorem

Proof sketch. Second, to get k = χap
µ (G) ≥ ⌈1− M(TG)

m(TG)
⌉:

1 For each ε > 0, partition G into measurable independent sets
Aε
1, . . . ,A

ε
k , together with a “bad set” Bε of measure < ε, and

block-decompose TG over this partition:

TG =

[
Sε Rε

12

Rε
21 T ε

B

]
,with Sε =


0 T ε

12 · · · T ε
1k

T ε
21 0 · · · T ε

2k
...

...
. . .

...
T ε
k1 T ε

k2 · · · 0

 .

2 Show that, as ε → 0, we have M(Sε) → M(TG) and that
(k − 1)m(Sε) +M(Sε) ≤ 0, so that also
(k − 1)m(TG) +M(TG) ≤ 0.



Approximate Measurable Bipartiteness

Theorem

Classically, if G is connected, then σ(G) is symmetric if and only if
χ(G) ≤ 2 (i.e., G is bipartite).

We prove an approximate measurable version of this equivalence:
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If χap
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Assume in addition that G is regular and ergodic with spectral gap.
If σ(G) is symmetric, then χap

µ (G) ≤ 2.
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Proof sketch.

1 Take λ ∈ σ(TG), and let f be an approximate eigenfunction.

2 Let A1,A2 be measurable independent sets, with
X \ (A1 ∪ A2) of small measure.

3 Flip the sign of f on A2 to obtain g , and show that g is an
approximate eigenfunction for −λ.



Approximate Measurable Bipartiteness

Theorem [H.–Spaas–Tenenbaum]

If χap
µ (G) ≤ 2, then σ(G) is symmetric.

Proof sketch.

1 Take λ ∈ σ(TG), and let f be an approximate eigenfunction.

2 Let A1,A2 be measurable independent sets, with
X \ (A1 ∪ A2) of small measure.

3 Flip the sign of f on A2 to obtain g , and show that g is an
approximate eigenfunction for −λ.



Approximate Measurable Bipartiteness

Theorem [H.–Spaas–Tenenbaum]

If χap
µ (G) ≤ 2, then σ(G) is symmetric.

Proof sketch.

1 Take λ ∈ σ(TG), and let f be an approximate eigenfunction.

2 Let A1,A2 be measurable independent sets, with
X \ (A1 ∪ A2) of small measure.

3 Flip the sign of f on A2 to obtain g , and show that g is an
approximate eigenfunction for −λ.



Approximate Measurable Bipartiteness

Spectral gap: A d-regular graph G has spectral gap if there
is ε > 0 such that σ(TG) ⊆ [−d , d − ε] ∪ {d}.

Theorem [H.–Spaas–Tenenbaum]

Assume that G is d-regular and ergodic with spectral gap. If σ(G)
is symmetric, then χap

µ (G) ≤ 2.
In fact, if −d ∈ σ(G), then χap

µ (G) ≤ 2.

Why these assumptions?

1 Ergodicity (and d-regularity): Implies that 1 is the only
eigenfunction for d .

2 Spectral gap: Implies that approximate eigenfunctions for d
are approximately constant.
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Further Directions

Can we remove the assumptions of spectral gap and/or
regularity in our characterization of approximate measurable
bipartiteness?

We prove that a condition analogous to a classical spectral
condition of Brouwer and Haemers implies a measurable
“Tutte-like” property. Can we improve this to say something
about measurable perfect matchings?

Can we use spectral theory (e.g., Hoffman’s bound) to find an
“interesting” graph G for which χµ(G) is large but χBM(G) is
small?

Can we say anything about the mcp (rather than pmp)
setting?
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